The decay function of nonhomogeneous birth-death processes, with application to mean-field models  by Granovsky, Boris L. & Zeifman, Alexander I.
EMEVIER Stochastic Processes and their Applications 72 (1997) 105-120 
stochastic 
processes 
and their 
applications 
The decay function of nonhomogeneous birth-death 
processes, with application to mean-field models 
Boris L. Granovsky”, Alexander I. Zeifman 
Department of Mathematics, Technion, 32000 Haga, Israel 
Abstract 
The paper develops in different directions the method of the second author for estimation 
of the rate of exponential convergence of nonhomogeneous birth-death processes. Applying 
the method to mean-field models, we discover some phenomena related to their spectral gaps. 
@ 1997 Elsevier Science B.V. 
Keywords: B&&death processes; Spectral gap; Mean-field models; Critical points; Decay 
function 
0. Introduction 
Our paper develops in different directions the method of the second author for estima- 
tion of the rate of exponential convergence of nonhomogeneous birtb-death processes. 
In Section 1 we formulate the problem and introduce the method. Section 2 provides 
the theoretical background of the method. In particular, Theorem 2, combined with a 
result by Gnedenko and Soloviev, says that the method is applicable for practically all 
ergodic nonhomogenous birth-death processes. We also show that in the homogeneous 
case the method considered yields results obtained by Van Doom and Chen. Section 3 
is devoted to an application of the method to interacting particle systems on complete 
graphs, which are known in statistical physics as mean-field models. We establish here 
a characterization of the noisy voter model via the value of its spectral gap. In that sec- 
tion, as well as in the preceding one, we also present several examples of evaluation of 
the spectral gap, demonstrating the effectiveness of the method. In particular, we derive 
better bounds on the spectral gap for the Diaconis and Saloff-Coste model of a random 
walk on a complete graph, show that the spectral gap of a noisy contact process has a 
critical point, and find the exact value of the spectral gap of the Philosopher’s process. 
1. Preliminaries 
Let Xt(“), t 20 be a nonhomogeneous birth and death process (BDP) on the infinite 
set Ec”) = (0, 1,2,. . .} with birth intensities ai > 0, i E Ecrn) and death intensities 
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b,(t)>O, i>l, bs(t)=O, t>O, and let J$v’, t30, N= 1,2 ,..., be the truncated 
BDP on the finite set _EcN) = (0, 1, . . . ,N} with the same intensities aiN’ =ai(t), 
i=O,l,... ,N - 1, b,(t), i=O,l,..., N, while aCN)(t)=O, t>O. 
We will denote throughout by (o)@‘), (0)‘“) qzntities related to the BDP X~N’,X~“’ 
and by (0) quantities related to either of them. (In particular, E will denote either E(03) 
or EcN).) Further, define for all 0 6s 6 t the transition probabilities 
pi,j(s, t) = Pr{X, =j IX, = i}, i,j E E. 
We restrict our study to the case of ergodic BDPs, i.e., we assume throughout the 
existence of the limit distribution (invariant measure) p := (pi, j E E): 
pj := ,5li1 pi,j(s, t), s > 0, i E E. 
It is easy to derive from the Trotter-Kurtz operator semigroup approximation theorem 
(for references see Liggett, 1985), that the process XiN), t 3 0, converges weakly to 
X,‘“‘, t 3 0, as N --f co. For the sake of convenience of exposition we use the notation 
8= 
1 
E(m) if E =Ecm), 
E(N-1) if E =E(N)_ 
We also assume that the functions ai(t are locally integrable on [0, +oo), and 
satisfy 
sup(aj(t)+b,(t))<cq t>O. 
GE 
Then, by virtue of Kingman’s solidarity theorem (see e.g. Anderson, 1991), the main 
result of Zeifman (1995) implies 
Theorem A. Let d= (d;, i E E) be a sequence of nonnegative numbers (weights) s. t. 
di>O, ic.!?, do= 1, d, (N) = 0 and let the sequence d satisfy the conditions (1) - (3) , 
below: 
inf di > 0, 
&I? 
(1) 
O<y*(t;d)=y,(t):=inf ai(t;d)~y*(t;d)=y*(t):= SUP Gli(t;d), t2O 
iC% 
(2) 
id 
y*(u) du = +cc, (3) 
where 
cli(t; d) = ai := ai + b,+](t) - F ai+l(t) - di-1 x hi(t), i E_@. (4) 
t I 
Then, 
Cl(s)exp(-,/J * ) Y (u)du < Ipij(s,t) - piI <Cz(~)exp - ( 6’y+&)du), O<s<t, 
for some functions Cj(s) = Ci(s; d) 20, s 2 0, i = 1,2. Moreover, if E = EcN), the 
functions Ci(s) > 0, s 2 0, i = 1,2. 
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2. Decay function 
Terminology. We will call a function j?(t), t 2 0 a decay function of the BDP if it 
obeys the following three conditions: 
s 
Om P(u)du = +oc, 
lPij(U) - Pjl =o (exp (-1 B(u)du)) as t--+oq i,jEE, 
and the expression 
lPV(%t) - Pjl 
exp(- s,’ (B(u) + q(u)) du)’ 
O<s<t, i,j E E 
is unbounded, as t + cm, for any function q(t), t > 0, s.t. 
r 
q(u) du = +oo. 
0 
It is easy to see that the decay function b(t), t 2 0, defined as above is not unique, 
namely, the set g of all decay functions of a BDP is given by 
@ = {B(t) + q(t), t H), 
where P(t), t 20 is any decay function, while q(t), t 20, is a function s.t. J,‘q(u)du, 
t 2 0, is bounded. This implies the following extremal property of decay functions: If 
P(t) E g’, then c/3(t) $4 93, for all constants c # 1. 
Finally, note that in the case of a time-homogeneous BDP (HBDP), it is natural to 
restrict the consideration to constant decay functions: p(t) = /I, t 2 0. Consequently, 
the set W becomes a singleton, the unique point of the set being called the decay 
parameter of the process (for references see Van Doom, 1985). The latter is known to 
be equal to the spectral gap of the generator of the HBDP (Chen, 1992). In view of 
the above definition of the decay parameter, Theorem A yields the following bounds 
on /I. 
Corollary 1. Let X,, t > 0, be a HBDP and let d be a sequence satisfying the condi- 
tions of Theorem A. Then the decay parameter /I of the HBDP satisJies 
inf aj </I < sup ai, 
iEB id 
where ai = ai( 
Another consequence of Theorem A is established with the help of the Trotter-Kurtz 
theorem. 
Theorem 1. Let D = {d = (di, i E E)} be the set of sequences d obeying the conditions 
of Theorem A and such that 
O<y*(t;d)=y*(t;d):=y(t;d), dgD, t>O. (5) 
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Then 
/I?(t) := sup y(t; d), t > 0, 
dED 
is a decay function of the nonhomogeneous BDP. 
Our next objective is to provide a general sufficient condition for the existence of 
weight sequences d obeying the requirements of the foregoing theorem. In the sequel, 
we adopt the notation 
The quantities ai(t; d), i E 6, t 2 0 defined by (4) can be expressed through 6i+i, i E f? 
rather than di, i E E. Furthermore, since di+l = 61 . . . Si+l, i E 2, condition (1) implies 
that in the case E = E(O”), lim infi,,bi > 1. 
Theorem 2. Assume that the intensities ai( b,(t), i E E, t 30 obey the following 
conditions: 
Q(t) = U(t)ai, bi(t)=v(t)bi, iEE, (6) 
where v(t) > 0, t 2 0 is a function s. t. 
Jm 
v(u) du = +co, 
0 
and ai, bi, i E E are intensities of a HBDP s. t. the following limits exist: 
O<a:= lim ai<b:= lim bi<m. 
i-00 i-cc (7) 
Then the BDP is ergodic and D # 0. Moreover, in the case E = EcN), the set D is a 
singleton. 
Proof. It is easy to see that conditions (6) and (7) insure the existence of a unique 
time-independent invariant distribution p and also the following sufficient condition for 
ergodicity of the BDP: 
c 71j<oO, 
jEE 
where 
71,(t) .= rI’,2 an(t) no(t)= 1, , . 
II’,=, W)’ 
jEE, j#O, t30, 
are the so-called potential coefficients of the nonhomogeneous BDP. Note that by virtue 
of (6), the potential coefficients do not depend on t 2 0. 
In view of (6) and the definition of y*(t), y*(t), condition (5) can be rewritten in 
the following way: 
Ui=Q>O, i El?‘, (8) 
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where ai E R are the quantities corresponding to the associated HBDP. Denoting now 
61 :=x >O, we get from (4) and (8) that the functions 
J;:+,(x):=&+r, 2X_@‘, x>o 
should satisfy the recurrence relationship 
O<Uj+lJ+l(X)=UlX - bjf.-‘(X) + Cj+ly iE.?T. 
Here 
O=f~~‘(x):=alx-b~_lf~~,(x)+uo+bl -UN-~ - blv. 
Since UN = 0, the quantities 
ci+l=ai+bi+l-ao-bly iE.lZ 
do not depend on x, and x obeys the condition 
ai(x)>O, iCE. 
Now, starting from 
(9) 
(10) 
dfi (x ) -El>>, 
dx 
it is straightforward to see that 
u,+1 dh+l(x) dJ;:(x) 
I -=a1 +blh-*(x)x>O, iEZ?, x>O. 
dx 
Furthermore, the function fr(x), x > 0, has the unique root x1 = 0. By recursion, we 
then get from (9) that the function fi+r(x) has a unique positive root, say x~+~, s.t. 
xi+1 >Xi, i E E:, i # 0. Consequently, 
fk(Xi)>O for all k<i> 1. 
Next we show that under 8~ = fk(xi), k <i > 1, we have 
ak(xi)>O, k<i> 1. (11) 
In fact, if this were not true, then it would follow from (8) that ak(xi) < 0, 0 <k < i > 1 
which would imply first that fi(xi)> b / 1 al, and then, recursively, fi_r(xi) >bi_l/cz_l, 
i > 1. The latter leads to the contradiction ai_. 1 (xi) > bi > 0. 
Now, applying (11) for k = 1, we obtain that the above sequence xi, i > 1, is bounded. 
Thus, in the case E = E cN), the system (8) has the unique solution 
8; =A(xN)>O, i=l ,...,N- 1. 
In the case E = Ecm), let x* = lirn+~ xi. By the definition of xi and the monotonicity 
of the functions fi, we have f;:(x)>J;:(x*)>O, for all x2x*, i = 1,2,. . . Hence, in the 
case considered, the set of solutions of (8) is given by 
ao+bl z+c si* =fi(x)>O, x*<x<------ :=x > i= 1,2,... 
a1 
(12) 
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Now it is left to identify the set D, corresponding to the foregoing solutions. We have 
dir = ST 6: . . . SF, i E i?, i # 0, which immediately proves the assertion of the theorem in 
the case E = EcN). In the case E = E (O”), the condition (1) implies liminfi-+, ST > 1. 
Passing in (9) to the lim inf, as i + 00 we get by (7), 
b 
af(x) = a + b - fo - a&), x* Cc <x*, (13) 
where f(x) := lim infi,, fi(x). 
Thus, in the case a = 0, 
f(x)= b >l, 
b - MO(X) 
x* <x <x*, 
while in the case a >O, 
b 
uf(x)<a + b - fo, x* <x<x*. (14) 
The latter, in view of (7), implies again f(x) > 1, x* <x<x*, which says that the 
above x are solutions of (8). Cl 
Corollary 2. A nonhomogeneous BDP X,, t 3 0, satisfying the conditions of Theorem 
2 has a decay function P(t), t > 0, given by 
B(t) = flv(t), t 2 0, 
where fi is the decay parameter of the associated HBDP. 
Remarks. (i) It follows from Theorems 1 and 2 and the Trotter-Ku& theorem that 
where XN is the unique solution of the corresponding finite system of algebraic 
tions (8), while x* = limN+mXN. 
equa- 
(ii) Theorem 2 is restricted to ergodic BDPs with the specific form of time- 
nonhomogeneity given by (6). However, it follows from the important result by 
Gnedenko and Soloviev (1973) that for a wide class of nonhomogeneous BDP the 
condition 
ai = v(t)ai, b,(t) = (v(t) + o(t))bi, i E E, t 20, o(t) + 0 as t + 00 
is necessary for the ergodicity of the BDP. 
Corollary 3. The decay parameter /_3cN) of HBDP XiN’, N = 1,2,. . . , t B 0, is strictly 
decreasing in N. 
Proof. It follows from (9) that fLN’ = fk(N+i), i 2 0, 1 <k d N - 1. Hence, 
6, 
*V0 =xN _.xN+i = a*(N+i) 
1 ) i= 1,2,... 
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Now our assertion follows from the fact that 
Corollary 4. Denote by A ={a} the set of sequences 
6= (6i: 6i>O, i=1,2,...) 
i 
ifE=E(@, 
(6i: 6i>O, i=l,..., N- 1; S,=O) ifE=EN. 
The decay function b(t), t 20, defined in Theorem 1 admits the representation 
P(t) = SUP inf Bi(t; S), 
SEA id 
where &i(t; S) = ai(t; d), i&. 
Proof. Let 6* E A be the sequence corresponding to the specific decay function /l(t), 
t 2 0, as defined in Theorem 1 and let S’EA be a sequence such that 
Since 6* provides (8), we have 
Si(t;6’)2Bi(t;6*)= Bo(t; a), i El?. (15) 
Consider first the case E =E cN). In (15), taking sequentially i= 0, 1,. . . ,N - 2, we 
get Si<Si*, i=l ,...,N - 1, while taking i=N - 1 implies 6;_.,26$_,. Therefore, 
6’ N_-l = Ss_, , and, consequently, 6’ = 6*. Now the assertion follows from the definition 
of S* and its uniqueness for E = E cN). In the case E = Ecm), the statement follows from 
the Trotter-Kurtz theorem. 0 
Corollary 5. The decay parameter of a HBDP on EcN) is given by 
fiCN) = aO(xN ), 
where xN is the largest root of the polynomial PN generated by the three-term recur- 
rence formula 
Pi+l(x)=l[(alx+ci+l)~(x)-biP,-l(n)], O<idN - 1, 
ai+i 
P_1~0, Pool, ii+l=ai+l, O<i<N-1, &=l. 
Proof. By an induction argument, it is easy to see from (9) that 
i=O,l,..., 
where the polynomials fl are given by (16). 0 
(16) 
In the following examples we obtain estimates, as well as exact values, of the spectral 
gap p of HBDPs obeying (7) with the help of the technique stemming from the 
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foregoing results. The estimates of fi based on Corollary 1 are derived with the help 
of particular choices of S. The fact that the choices of d made in the examples insure 
the condition (1) on d can be verified each time from the relationship between the 
two sequences: 
&+r=&...&+,, iEB. 
In our study of the dependence of spectral gap on parameters of HBDPs, we use the 
fact that p > 0 given as the solution of (8) is a continuous function of the parameters 
of the process in some neighbourhood of a parameter point in question. 
We will also demonstrate the results of the numerical procedure for evaluation of p 
based on solution of (8). 
Example 2.1. General HDBP, satisfying (7). 
Taking 
&= bi c ai ’ iEl7, i#O, 
we obtain by Corollary 1 
inf c(i < /I < SUP Cti, 
iCP iE.8 
where 
ai=ai+bi+l - Jaibi- da, iEi?‘. 
The same upper bound was obtained by van Doom (1985) (see also Mu Fa Chen, 
1996). It turns out that in the case E = E coo), the foregoing discussion enables one to 
derive an upper bound for fi for a class of HDBPs on E(O”) satisfying (7). In fact, 
(14) implies 1 < f(x* ) <b/a. Hence, we have from (13), 
~=c$l(x*)<(~- fi)! 
In particular, if ai=ao=a, bi=b, i=1,2 ,..., then it is easy to see that under 
i2 1, 
we get /I = a~_+*) = (X/Z - J;;)‘, where x* = 2Jbla. The above exact value of B was 
originally obtained by van Doom (1991) (see also Kijima, 1992). 
Example 2.2. Consider a HBDP on Ec”) with intensities satisfying 
bi+‘, ai 
bi ‘x- 
i> 1. 
Let 
&+, = --$ 
ai + 1 
i20. 
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Then we have 
inf,ai<jlG SUP@, 
/ i>O 
where 
(17) 
Hence, all HDBPs with death intensities of the form 
bi+l = Abi +br, i>O, 
where ai > 1, i 80, are arbitrary, have the same spectral gap /I = bl. 
Example 2.3. HBDP on 13cN) with constant intensities. 
Let ai=a>O, O<i<N-1, bi=b>Op l<i<N. Then (16) takes the form 
S+,(x)=~~(x)-bq_l(*), O<i<N-1, P_rEO, Ps=l. 
a 
The polynomials 4 are related to Chebyshev polynomials 
T,(x) = 
sin[(n + 1)arccos x] 
sin(arccos x) ’ 
n=O,l,... 
of the second kind, which are given by the recurrence formula 
Tn+l(x)=2xTn(x)-Tn_l(x), n=O,l,... To=l, T-1=0. 
Namely, we have 
E(X)= (g]Ti (i&x), i>O. 
Therefore, xN = 2fi cos rr/(N + 1 ), and finally we get 
$N’=.+b-2d&os+(Ji;-&)2 
as N+oo. 
Example 2.4. Diaconis and Saloff-Coste model (1996a): 
(N - i)i 
ai=ai,N= NcN _ ljy 
bi=bi,N= ‘ci- ‘) 
N(N - 1)’ 
i= l,...,N. 
The process models a random walk on a complete graph of size N whose vertices are 
labeled either 0 or 1. The model is a particular case of a Markov chain on a finite 
graph associated with a finite group. 
Taking &=(i- 1)/i, i=2,...,N-1 gives 
3 2i 
“=N(N-1)’ ai=N(N-l)’ 
i=2,...,N- 1. 
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Consequently, 
3 
N(N- 1) 
N&3. 
The above estimate is better than the one derived in Diaconis and Saloff-Coste (1996a) 
with the help of the Poincare inequality and a comparison argument. In conclusion, 
note that solving (8) for N = 3 gives fls = 1 - d/3 x0.54. 
Historical notes. There is a huge literature on the rate of exponential convergence 
of time homogeneous Markov chains. We point here very briefly the main lines of 
research immediately related to the topic of the present paper. 
Theorem A, which is due to Zeifman (199 1, 1995) was proved with the help of 
estimates of the logarithmic norm of the differential operator associated with the non- 
homogeneous BDP. To the best of our knowledge, this was the first result on bounding 
the rate of convergence of a nonhomogeneous BDP. Starting from the pioneering pa- 
pers by Karlin and McGregor in the late 1950s the theory of orthogonal polynomials 
became the main tool for the study of HBDPs. Based on this approach, van Doom 
(1985) obtained the representations of the decay parameter given in Corollaries 4 and 5 
in the case of HBDP. Very recently, the first of these two representations was derived 
independently by Mu Fa Chen (1996) with the help of a quite different idea based 
on the coupling technique. Regarding Corollary 3, observe that Mu Fa Chen (1996) 
proved that the spectral gap of HBDPs is non-increasing in N. Another approach to 
bounding the spectral gap of homogeneous Markov chains on a finite state space orig- 
inated from the work of Gross, in 1976, on logarithmic Sobolev inequalities in the 
context of Markov semigroups. The extensive development and implementation of this 
approach to a variety of models was made during the last decade by Diaconis, Stroock, 
Saloff-Coste and others. An excellent exposition of this research is given in Diaconis 
and Saloff-Coste (1996b). 
3. Spectral gap of mean-field models 
In the present section we consider an ergodic nearest-neighbour interacting particle 
system (IPS) (for references see Liggett, 1985), pPt, t 20, on a complete graph with N 
sites. Such IPS are known in statistical physics as mean-field models (for references 
see Fernandez et al., 1992). They are given by 2N flip rates ii, p;, i = 0,. . . , N - 1, 
where li and ,u~ are the rates of birth (respectively, death) at an empty, (respectively, 
occupied) site of the graph having i occupied neighbours. It is known that mean-field 
models are related to HBDP. The relationship between these two Markov processes 
can be explicitly given by 
where 1 q+ 1 denotes the number of occupied sites at time t, and X/N), t 2 0 is a HBDP 
with the intensities 
ai = (N - i)&, bi=i/b--l, i=O ,..., N - 1. 
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It is easy to derive from the above relationship that the spectral gaps of the two 
processes are equal. A celebrated result due to Dobrushin implies (for reference see 
Liggett, 1985) that the spectral gap of a general IPS is no less than 
&-M>O, 
where, in the case of a mean-field model, 
It is interesting to observe that the lower bound E - M for the spectral gap /I of the 
HBDP XjN’, t > 0 generated by a mean-field IPS can be easily obtained from (8). In 
fact, in (8) taking 6i=l, i=l,... ,N - 1 and substituting the expressions for ai and 
bi, gives 
ai=(N-i)li+(i+l)CLi-((N-i-l)~i+l-j~i__l 
= li + /& - (N - i - l)(&+t - Ji) - i(/&1 - pi) 
3 li + pi - (N - i - l)l&+t - liI - ilpLi_-l - nil 
3 & - iE$y,,{(N - i - l)\li+I - ii) + ilpi-1 - /Jil} >E -M, i EECNV1). 
(18) 
By Corollary 1, this says that /3 2 E - M > 0. 
Our next result provides a characterization of HBDPs with the property 
p=&-M>O. (19) 
Theorem 3. The spectral gap of a nearest-neighbour mean-field IPS is equal to 
E - A4 > 0 ifs the IPS is a noisy voter model, i.e. 
Ai = 20 + ih, ,Ui = ~0 - ih, h 2 0, i E IY-‘). 
Proof. The fact that the spectral gap of the noisy voter model on an arbitrary regular 
graph is equal to E - M was proved by Granovsky and Rozov (1994) (see also Gra- 
novsky and Madras, 1995). Now suppose that a nearest-neighbour IPS on a complete 
graph is such that (19) holds. Then the inequalities (18) imply that li + pi = E and 
Ai-li-t=pi-r -pi=haO, iEE@‘-‘). 0 
Example 3.1. IPS with constant total rates of birth and death. In the case considered 
(for references see Liggett, 1985, p. 317) the total birth rate a and the total death rate 
b are the same at all configurations of empty and occupied sites of the complete graph 
of size N. Therefore, we have 
+a, 
N-i 
i=O,...,N - 1, 
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The exact value of the spectral gap was given in the Example 2.3. 
Example 3.2. Adsorption-Desorption process (see Granovsky et al., 1989): 
Ai=lo>o, pi>O, i=O ,..., N - 1. 
Consider the behaviour of the spectral gap /? = /?(A,), as 1s -t 0. Note that in the case 
lo = 0, the condition (7) of Theorem 2 fails. Let minr <i<N ipi- = b* 20. 
Assertion. lim,+o j?(b) = b*. 
Proof. First suppose that the value i*, i* 2 1, s.t. bi, = b* is unique. Then, taking 
bi - b* 
W - i% 
if i<i* - 1 
0<6i= 
bi 
(i= 1 ,...,N- 1) 
bi+l - b* 
if i>i* 
for sufficiently small l,-, > 0, we get that ai -+ b*, i = 0, 1, . . . , N - 1, as ils -+ 0. This 
proves our assertion in the case considered. Since /I is a continuous function of the 
parameters pi, i = 0,. . . , N - 1, the general case reduces to the first one by a small 
perturbation of these parameters. 0 
Example 3.3. Noisy contact process. This is a particular case of the adsorption- 
desorption process, when 
pi=po - hi>O, ha0, i=O ,..., N - 1. 
Note that ,,&-.r = 0 corresponds to the standard contact process. Since, for the process 
considered, (i+ l)pi -/~=ipi+r, i= l,..., N - 1, where, by definition, PN = ~0 - hN, 
it follows from the Example 3.2 that 
if pNaoT 
if ,uN<O. 
Therefore, p,v = 0 can be viewed as a critical point of the parameter PN for the decay 
parameter B(O). This is a point of first-order phase transition (for references see Fer- 
nandez et al., 1992) in the (pN,P(O))-plane: the first derivative of p(O) with respect 
to &I is discontinuous at the point PN = 0. 
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Solving numerically (8), we obtain the following values of /I(&) for small la: 
N=lO, h=0.5, j~~=O.i, 
il(J 0.5 0.4 0.3 0.2 0.1 
ST 1.2507 1.2485 1.2470 1.2458 1.2448 
fi 4.4719 4.6053 4.7332 4.8576 4.9797 
N=lO, h=0.5, pN=O 
&I 0.5 0.4 0.3 0.2 0.1 0.03 0.001 
S; 1.2725 1.2648 1.2583 1.2538 1.2513 1.2503 1.2501 
/I 4.2737 4.4467 4.6026 4.7431 4.8738 4.9624 4.9987 
N= 10, h=0.5, = pN -0.1 
a.fJ 0.5 0.4 0.3 0.2 0.1 0.03 0.01 0.001 
ST 1.4253 1.4735 1.5556 1.7212 2.2203 4.5531 11.2196 101.2195 
/? 3.4861 3.5953 3.7001 3.8019 3.9017 3.9707 3.9902 3.9990 
The data clearly identify PN =0 as the critical point of fl= /?(&) for small values 
of Aa > 0. The data also suggest that the spectral gap is decreasing in Aa. 
To obtain estimates of /I(&), when Aa >O, take 6’s, as in Example 3.2. Then we 
have for sticiently small A,J >O, 
~0 + 10 min ~</.I(&)<&+~0 if pi~>O, 
O$i<N-1 /.&+z 
and 
NPN--I 
NPN--I + Lo- 
PN 
<P(J.o)<N~N--I +N& if /GV<O. 
Finally, taking 6i = ipi--l/(i + l)pi, i = 1,. . . , N - 1, we arrive at the following estimate 
of /?(A.,), which is good for large values of ;lo: 
J.0(1 +u*)~B(~o)~~o(l +u*), 
where 
lJ* = min r* = 
O<i<N-1 
vi, 
0 E% 1 
vi, oi=(N- 
i=O,...,N - 1. 
It is not difficult to see that under assumption, p2N > 0 
v* =o, u*=(N- l)E 
30. 
Example 3.4. The Philosophers’ process 
&>O, Ai=O, i=l,..., N- 1, P~=,u, i=O ,..., N-l. 
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This model was studied extensively by Forbes and Ycart (1994) and Ycart (1993) and 
several other authors in the context of a variety of applied problems. For this process 
our technique enables one to find the exact value of the spectral gap. 
Assertion. j3 = p + min{p, Nils}. 
Proof. Since in our case, the condition (7) of Theorem 2 fails, we imbed the model 
into the IPS with flip rates 
&>O, li=I>O, i=l,..., N- 1, pi=/A, i=O ,..., N- 1. 
So, denoting by B(A) the spectral gap of the imbedded process, we have /?= lim~_+oj?(A). 
Now if ,u #N&, taking 
6i(ri)= ip 
ip - N& 
if p>N&, i=l ,...,N - 1, 
and 
(N _ l)n, 6i=&, i=2 ,..., N - 1 if p<N;lo, i=2 ,..., N - 1, 
we get the desired result from (8), by passing to the limit, as 1-O. Since /I is a 
continuous function of p, the case ,U = N&, reduces to the alternative one by a small 
perturbation of the parameter p. 0 
It is surprising that in the case p < N;lo, the spectral gap of the Philosophers’ process 
depends neither on 10 nor on N. We believe that this phenomenon deserves explanation. 
In conclusion, note that the process considered is a particular case of an interesting 
class of IPSs, introduced by Cox and Durret (1991) and known as threshold processes. 
These IPSs are currently being studied by several authors. 
Example 3.5. Ising model (for references see Liggett, 1985). 
This is an attractive IPS with the flip rates given by 
ili=exp(v(2i-(N- l)), ,Ui=&‘, i=O,...,N- 1, 
where v 20 is the reciprocal of the temperature. 
The relationship A,v_r_i = AZ:‘, i = 0,. . . , N - 1 yields 
Cli = (N - i)A.i + (i + l)A,r’ - (N - i - 1)6i+r&+i - i(6t&_l)-‘, 
i=O,...,N - 1. 
Consequently, it follows from (8) that 
s* = (6;_i)-1, i= l,...,N - 1. 
Taking now, 
Si=(N_i;4ii_lT i=l,...,N- 1, 
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we get the following estimate for /I= j?(v), v>O, which is good for large v (i.e. for 
low temperatures): 
/I(v)<iV& =Nexp(-v(N - 1)). 
Therefore, for any fixed N, 
lim p(v) = 0. “‘IX 
To derive an estimate for p(v), when v is small (high-temperature regime) we take 
&=l, i=l , . . . , N - 1. Consider the case N = 2p + 1. Denoting, z = exp( -2v), yields 
Up-i = (Z’ + Z-j)? + i(z-’ - l)(z-’ -zi), i=O ,.,., p. 
Hence, 
2-2p(z-‘-l)=a&3~a()=z~+z-~-2pzqz-’-l), 
for all v, s.t. a,/2 = p + 1-pz-’ 20, i.e. for all v< 1/21og(l + l/p). 
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